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                \begin{document}$$\Omega \subset \mathbb {R}^n$$\end{document}$ defined by different approaches. Originally, these spaces were introduced by [Morrey]{.smallcaps} in \[[@CR21]\], when studying solutions of second-order quasi-linear elliptic equations in the framework of Lebesgue spaces. They can be understood as a complement (generalization) of the Lebesgue spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$0<p\le u<\infty $$\end{document}$, is defined as the collection of all complex-valued Lebesgue measurable functions on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert f|\mathcal {M}_{u,p}(\Omega )\Vert:= & {} \sup _{x\in \Omega , j\in \mathbb {N}_0 }\left[ \mu (\Omega \cap B(x,2^{-j}))\right] ^{ \frac{1}{u}-\frac{1}{p}} \nonumber \\&\times \left[ \int _{\Omega \cap B(x,2^{-j})}|f(y)|^p\mathrm {d}y\right] ^{\frac{1}{p}}<\infty , \end{aligned}$$\end{document}$$cf. \[[@CR14]\]. Obviously, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}_{p,p}(\Omega )=L_p(\Omega )$$\end{document}$, since we may assume for bounded domains that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {diam}(\Omega )\le 1$$\end{document}$. As can be seen from the definition, Morrey spaces investigate the local behaviour of the $\documentclass[12pt]{minimal}
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                \begin{document}$$L_p$$\end{document}$ norm, which makes them useful when describing the local behaviour of solutions of non-linear partial differential equations, cf. \[[@CR13], [@CR15]--[@CR20], [@CR29]\]. Furthermore, applications in harmonic analysis and potential analysis can be found in the papers \[[@CR2]--[@CR5]\]. Interpolation results of these and related spaces are established in \[[@CR28]\]. For more information we refer to the books \[[@CR1]\] and \[[@CR27]\].

Our aim here is to compare the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}_{u,p}(\Omega )$$\end{document}$ with two other approaches for Morrey spaces on domains as can be found in the literature and characterize the unboundedness of functions belonging to the Morrey spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}_{u,p}(\Omega )$$\end{document}$ in some further detail.

To be more precise, we consider Morrey spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {M}_{u,p}(\Omega )$$\end{document}$, defined and studied in \[[@CR23], [@CR24]\], where in contrast to ([1.1](#Equ1){ref-type=""}) the supremum is now taken over balls $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$. We remark that in the original definition cubes were considered but the change to balls is immaterial here. On the other hand, we deal with the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {M}_{u,p}(\Omega )$$\end{document}$ introduced in \[[@CR32]\], which differ from ([1.1](#Equ1){ref-type=""}) by the fact that the supremum is now only taken over balls $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$. Clearly, by their definitions, we have embeddings $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal {M}_{u,p}(\Omega )\hookrightarrow \mathbb {M}_{u,p}(\Omega )\hookrightarrow \mathfrak {M}_{u,p}(\Omega )$$\end{document}$. Our main result in Theorem [2.7](#FPar9){ref-type="sec"} now clarifies the connections and diversities explicitly. In particular, it turns out that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {M}_{u,p}(\Omega )=\mathbb {M}_{u,p}(\Omega )=\mathfrak {M}_{u,p}(\Omega ), \quad \text {if}\quad \frac{n}{u}<\frac{1}{p}, \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {M}_{u,p}(\Omega )\subsetneq \mathfrak {M}_{u,p}(\Omega )\quad \text {and}\quad \mathbb {M}_{u,p}(\Omega )\subsetneq \mathfrak {M}_{u,p}(\Omega ), \quad \text {if}\quad \frac{n}{u}\ge \frac{1}{p}. \end{aligned}$$\end{document}$$Surprisingly, we can see that the behaviour of the spaces changes with respect to the interplay of the parameters *n*, *u*, *p*.

Furthermore, in Theorem [2.3](#FPar3){ref-type="sec"} it is established that for so-called type *A* domains, cf. Remark [2.2](#FPar2){ref-type="sec"}, the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}_{u,p}(\Omega )$$\end{document}$ can be characterized by spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}_{u,p}(\mathbb {R}^n)$$\end{document}$ via restriction to the domain.

Apart from these considerations, we would like to understand the 'quality' of unboundedness, which is admitted in the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {M}_{u,p}(\Omega )$$\end{document}$. This contributes to the problem of optimal embeddings. We have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L_u(\Omega )\hookrightarrow \mathcal {M}_{u,p}(\Omega )\hookrightarrow L_p(\Omega ), \end{aligned}$$\end{document}$$which leads to the question whether the $\documentclass[12pt]{minimal}
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                \begin{document}$$L_p(\Omega )$$\end{document}$ spaces on the right-hand side are indeed the best possible Lebesgue-type spaces in which the Morrey spaces can be embedded. These kind of questions can be investigated with the help of the *growth envelope* , where *X* is a space of functions on $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$,its *growth envelope function*, and is some additional index providing a finer description. Here $\documentclass[12pt]{minimal}
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                \begin{document}$$f^*$$\end{document}$ denotes the non-increasing rearrangement of *f*. These concepts were introduced in \[[@CR31]\] and \[[@CR8]\], where the latter book also contains a recent survey of the present state-of-the-art (concerning extensions and more general approaches) as well as applications and further references. Therefore, our second main result can be formulated ascf. Theorem [2.13](#FPar16){ref-type="sec"}. In contrast to this we obtain for the spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {M}_{u,p}(\Omega )$$\end{document}$ in Theorem [2.15](#FPar19){ref-type="sec"} thatAgain, from the envelope results above it can also be seen that the interplay between the parameters in terms of $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{n}{u}> \frac{1}{p}$$\end{document}$ plays a decisive role in the behaviour of the Morrey spaces.

The paper is organized as follows. First we present three different approaches for Morrey spaces on domains and discuss these concepts in terms of their connections and diversities. Then we turn to the concept of growth envelopes and present and prove our main results, finally obtaining some sharp embedding results and Hardy-type inequalities.

We are very grateful to Professor Hans Triebel who introduced us in personal communications to some of his ideas contained in the unpublished notes \[[@CR32]\]. He granted us permission to use some of his arguments and, moreover, present part of his results in the context of this paper.

Different Approaches: Connection and Diversity {#Sec2}
==============================================

**Preliminaries** We shall adopt the following general notation: $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {N}$$\end{document}$ denotes the set of all natural numbers, $\documentclass[12pt]{minimal}
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                \begin{document}$$n\in \mathbb {N}$$\end{document}$, denotes the *n*-dimensional real Euclidean space. Furthermore, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu =|\cdot |$$\end{document}$ stands for the Lebesgue measure. For a real number *a*, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_+:=\max (a,0)$$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lfloor a \rfloor $$\end{document}$ denote its integer part. For $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$, etc. we denote positive constants independent of appropriate quantities. For two non-negative expressions (i.e. functions or functionals) $\documentclass[12pt]{minimal}
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                \begin{document}$$X\subset Y$$\end{document}$ and the natural embedding is bounded.

**Different Approaches** In this section we discuss three different approaches for Morrey spaces on domains. They provide intrinsic and extrinsic characterizations and we show below that under some restrictions on the parameters involved, the introduced spaces may coincide or differ.
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Definition 2.1 {#FPar1}
--------------
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Remark 2.4 {#FPar5}
----------

Note that in \[[@CR24]\] also Morrey spaces of type $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}_{u,p}(\Omega )$$\end{document}$ for domains of type *A* are studied, whereas in \[[@CR23]\] the setting is restricted to cubes only which simplifies the situation. Furthermore, in \[[@CR24]\] one can find further generalizations of this approach, as well as related interpolation results.
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                \begin{document}$$\begin{aligned} \Vert f|\mathfrak {M}_{u,p}(\Omega )\Vert =\sup _{J\in \mathbb {N}_0, x\in S_J}2^{-Jn\left( \frac{1}{u}-\frac{1}{p}\right) }\left[ \int _{B(x,2^{-J})}|f(y)|\mathrm {d}y\right] ^{\frac{1}{p}}, \end{aligned}$$\end{document}$$but there is no longer additional local information as in ([2.4](#Equ5){ref-type=""}). The following theorem collects some embedding assertions obtained by Triebel \[[@CR32]\].

Theorem 2.5 {#FPar6}
-----------
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                \begin{document}$$\begin{aligned} \mathfrak {M}_{u,p}(\Omega )\hookrightarrow L_{\frac{u}{n},\infty }(\Omega ), \qquad \text {if }\quad \frac{n}{u}>\frac{1}{p}. \end{aligned}$$\end{document}$$

Proof {#FPar7}
-----

(i)The embedding follows from the definition of the spaces and Hölder's inequality. To be more precise, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$ is a bounded Lipschitz domain one obtains $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} q_0,q_1,q\in (0,\infty ], \qquad -\infty<\delta _0<\delta _1<\infty \quad \text {and}\quad 0<\theta <1. \end{aligned}$$\end{document}$$ Then in \[[@CR22]\], cf. also \[[@CR30], Sect. 1.18.2\] and \[[@CR6], Th. 5.6.1\], it is shown that $$\documentclass[12pt]{minimal}
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Remark 2.6 {#FPar8}
----------
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**Connection and Diversity** Now we take a closer look at the connections and diversities of these spaces refining the embedding result ([2.6](#Equ7){ref-type=""}). Surprisingly, it turns out that depending on the parameters *n*, *u*, and *p* the three approaches might coincide altogether or differ completely. The precise results can be found below.
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Proof {#FPar10}
-----
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This can be seen as follows.
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Remark 2.8 {#FPar11}
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We recall some useful properties of growth envelopes.
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This result coincides with \[[@CR8], Props. 3.4, 4.5\].
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### Remark 2.14 {#FPar18}
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### Theorem 2.15 {#FPar19}
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### Proof {#FPar20}
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We deal with the index in the second case, i.e. when $\documentclass[12pt]{minimal}
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### Remark 2.16 {#FPar21}

(i)In the unpublished notes \[[@CR32], Cor. 2.16\] the case $\documentclass[12pt]{minimal}
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**Applications: Optimal embeddings and Hardy-type inequalities** Observe that ([2.25](#Equ26){ref-type=""}) and ([2.28](#Equ29){ref-type=""}) imply for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<p\le u<\infty $$\end{document}$,We already know that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}_{u,p}(\Omega )\hookrightarrow L_p(\Omega )$$\end{document}$, whereas their growth envelopes even coincide. This can be interpreted as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_{p}(\Omega )$$\end{document}$ being indeed the best possible space within the Lorentz (Lebesgue) scale in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}_{u,p}(\Omega )$$\end{document}$ can be embedded continuously. On the other hand this can also be understood in the sense that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_p(\Omega )$$\end{document}$ is as good as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}_{u,p}(\Omega )$$\end{document}$, as far as only the growth of the unbounded functions belonging to the spaces under consideration is concerned.

As mentioned several times already, this situation is completely different on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^n$$\end{document}$. In \[[@CR9], Th. 3.7\] it was shown that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}_{u,p}(\mathbb {R}^n)$$\end{document}$ the growth envelope function does not exist, since

### Remark 2.17 {#FPar22}
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### Corollary 2.18 {#FPar23}
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### Proof {#FPar26}

This is an immediate consequence of the growth envelope results in Theorem [2.15](#FPar19){ref-type="sec"}. $\documentclass[12pt]{minimal}
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### Remark 2.20 {#FPar27}

Plainly one can also formulate counterparts of the above corollaries for spaces $\documentclass[12pt]{minimal}
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